Topological phases of matter are protected from local perturbations and therefore have been thought to be robust against decoherence. However, it has not been systematically explored whether and how topological states are dynamically robust against the environment-induced decoherence. In this Letter, we develop a theory for topological systems that incorporate dissipations, noises and thermal effects. We derive novelly the exact master equation and the transient quantum transport for the study of dissipative topological systems, mainly focusing on noninteracting topological insulators and topological superconductors. The resulting exact master equation and the transient transport current are also applicable for the systems initially entangled with environments. We apply the theory to the topological Haldane model (Chern insulator) and the quantized Majorana conductance to explore topological phases of matter that incorporate dissipations, noises and thermal effects, and demonstrate the dissipative dynamics of topological states.
Topological phases of matter are protected from local perturbations and therefore have been thought to be robust against decoherence. However, it has not been systematically explored whether and how topological states are dynamically robust against the environment-induced decoherence. In this Letter, we develop a theory for topological systems that incorporate dissipations, noises and thermal effects. We derive novelly the exact master equation and the transient quantum transport for the study of dissipative topological systems, mainly focusing on noninteracting topological insulators and topological superconductors. The resulting exact master equation and the transient transport current are also applicable for the systems initially entangled with environments. We apply the theory to the topological Haldane model (Chern insulator) and the quantized Majorana conductance to explore topological phases of matter that incorporate dissipations, noises and thermal effects, and demonstrate the dissipative dynamics of topological states. Topological phases of matter are the most active research fields in modern condensed matter physics today [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . They comprise several exotic quantum phases such as topological insulators and superconductors [11, 12] , Weyl semimetals [13] , fractional quantum Hall effect [14] and Majorana zero modes [15] , etc. These quantum phases of matter have been largely explored during the last decade [8-12, 16, 17] . However, realistic systems in nature have inevitable interactions with the surrounding environments. When system-environment interactions are not negligible, the dynamics of the systems are strongly influenced by dissipations and noises, which has become the main obstacle in practical realizations of quantum computing. Although topological phases of matter have been thought to be robust against the environment-induced decoherence, a theory that incorporates dissipations, noises and thermal effects for demonstrating such robustness has been barely established. In this Letter, we attempt to develop a dissipative quantum theory for topological phases of matter.
In contrast to an isolated quantum system, whose states are governed by Schrödinger equation, the quantum state evolution of an open quantum system (the system interacting with environment) is determined by the master equation [18, 19] . Exact master equation for arbitrary open systems has only been formally formulated through the operator-projection method by Nakajima [20] and Zwanzig [21] . However, in practice, very few systems can be solved from Nakajima-Zwanzig master equation [18, 19] . Therefore, most of investigations for open quantum system dynamics are often based on the Born-Markov approximation with Lindblad-type master equation [22, 23] , including some recent applications to topological systems [24] [25] [26] . These investigations are valid only in the weak system-environment coupling regime.
There are some exceptions that one can derive the exact master equation for open quantum systems, using Feynman-Vernon influence functional approach [27] . * Electronic address: wzhang@mail.ncku.edu.tw A prototype example is the quantum Brownian motion (QBM), its exact master equation has been derived [28] [29] [30] [31] in 1980's-1990's. In the last decade, the exact master equation has also been derived for a large class of open systems described by particle-particle exchanges between the system and environments for both boson and fermion open systems [32] [33] [34] [35] [36] , from which we also obtain the transient quantum transport theory that can reproduce explicitly the Schwinger-Keldysh's non-equilibrium Green function technique [37, 38] . Very recently, we have extended the exact master equation for Majorano zero modes influenced by the gate-induced charge fluctuations [39, 40] .
In this Letter, we will derive novelly the exact master equation and the transient quantum transport for noninteracting topological insulators incorporating with initial system-reservoir entanglement. Then we generalize the theory to topological superconductors with Bogoliubovde Gennes Hamiltonian that has potential applications in topological quantum computing. As a result, a dissipative quantum theory for topological phases of matter is established. We take the topological Haldane model (Chen insulator) [3, 41] and the quantized Majorana conductance in superconductor-semiconductor hybrid systems [15, 17] as two type applications, to clarify the role of dissipations, noises and thermal effects in topological phases of matter.
1. Open quantum systems with initial systemenvironment entanglement for noninteracting topological insulators. We begin with the open systems (either bosons or fermions) coupled to their environments that are described by the following Hamiltonian,
where H s (t) and H e (t) are the Hamiltonian of the system and the environment, respectively, and H se (t) is the interaction between them. The notation a ≡ (a 1 , a 2 , a 3 , . . . ) is a one-column matrix and a i is the annihilation operator of the i-th energy level of the system. Similarly, c ≡ (c k , c k , c k , . . . ) and c k is the annihilation operator of the continuous spectrum mode k of the environment, while s (t) and e (t) are the spectra of the system and the environment, respectively, and V se (t) is the coupling strength matrix between them. Equation (1) is applicable to both topological and non-topological open quantum systems. Topological structures can be manifested through energy eigenwavefunctions. For open systems, states of the system are described by the reduced density matrix which is determined from the total density matrix (a highly entangled state) of the system and environment: ρ s (t) ≡ Tr e [ρ tot (t)]. The total density matrix is governed by the von Neumann equation
. Taking a partial trace over the environment states from the von Neumann equation, we have
where the collective operator
which contains all the influence of the environment on the system dynamics. Here we have also used the fact that Tr e [H e (t), ρ tot (t)] = 0.
Our aim is to carry out explicitly the partial trace in the collective operator A(t), from which the master equation can be novelly and straightforwardly obtained, and also the noise, thermal effects and dissipations in topological phases of matter can be explicitly explored. For the initial system-environment decoupled or partitioned states [42] :
is the thermal state of the environment, the exact master equation of Eq. (2) has been derived [32] [33] [34] [35] , and the partial trace in the operator A(t) has also been explicitly computed [33] using the Feynman-Vernon influence functional [27] . Now we consider the system and the environment in a partitionfree initial state, ρ tot (t 0 ) = 1 Z e −βHtot(t0) . In this situation, the system is highly entangled with the environment from the beginning so that the Feynman-Vernon influence functional [27] is no longer applicable. In experiments, most of realistic open quantum systems start with a partition-free initial state. Typical examples are various quantum devices which are usually equilibrated to the environment before one starts to manipulate them. One often uses different quench methods to drive the system away from the equilibrium state to control the states of the system or to study its nonequilibrium dynamics. This can be practically realized by the time-dependent parameters in Eq. (1).
Because of the quadratic nature of Eq. (1), with the explicit time-dependent Hamiltonian H tot (t), the total density matrix is drived away from the initially entangled equilibrium state ρ tot (t 0 ) = 1 Z e −βHtot(t0) , but it always lives in a Gaussian-type state. Therefore, in coherent state representation [43] , we have ξ|ρ tot (t)|ξ = 1
is the unnormalized coherent eigenstates of the particle annihilation operators (a, c) with eigenvalue ξ = (ξ s , ξ e ) which are complex numbers for bosons and Grassmann numbers for fermions, and Ω(t) = Ωss(t) Ωse(t)
is the Gaussian kernel of the total density matrix. By partially tracing over all the environment states, it is not difficult to find that ξ s |A(t)|ξ s = 1 i V se (t)·(1 ∓ Ω ee (t)) −1 ·Ω es (t)·ξ s ξ s |ρ s (t)|ξ s , from which we obtain:
where the upper (lower) sign of ∓ correspond to boson (fermion) systems. Substituting this result into Eq. (2), we novelly obtain the exact master equation for the reduced density matrix of the system. However, the key ingredient in the derivation of the master equation is to characterize explicitly the dissipation and noises induced by the environment, which are embedded in the time-dependent Gaussian kernel Ω(t). Our aim is to find the relation between Ω(t) and the physical measurable quantities such that dissipation and noise dynamics can be observed. Note that under the Gaussian state, the Wick's theorem is always valid, and higher-order correlation functions can always be decomposed in terms of the single-particle correlations. A direct calculation shows that
, and from which one can also prove that aρ s (t) = ρ s (t)Ω s (t)·a. Furthermore, the time evolution of the system operators a i (t) can be directly solved from Eq. (1) with the Heisenberg equation of motion. The solution can be written as a(t) = u(t, t 0 )·a(t 0 ) + F (t), where u ij (t, t 0 ) ≡ [a i (t), a † j (t 0 )] ∓ is the retarded Green function that describes the dissipation, and F i (t) linearly depends on c k (t 0 ) that characterizes noises, see the explicit solution given in supplemental materials [44] . Then
where v(t, t) generalizes the Keldysh's correlation Green function that also includes initial system-environment entanglement [45] . Also, the electron transient current flowing from the environment into the system is
where the dissipation and noise coefficients κ(t, t 0 ) = 1 i s (t) −u(t, t 0 )·u −1 (t, t 0 ) and λ(t, t 0 ) =u(t, t 0 )·u −1 (t, t 0 )·v(t, t) −v(t, t) are also determined explicitly by Green functions u(t, t 0 ) and v(t, t). Combining all the above results together, Eq (3) becomes (7) which captures explicitly all the dissipation and noises induced by the environment. The master equation (2) and the transient current (6) simply become
where the current superoperators L + (t)ρ s (t) = a † ·A(t) + A † (t)·a and L − (t)ρ s (t) = −a·A † (t) − A(t)·a † carry the information current flowing into and out of the system, respectively. It is easy to check that for fermionic systems, Eq. (8) reproduces the exact master equation and the transient transport current incorporating with the initial systemenvironment correlations given in Ref. [45] ; For noninteracting bosonic systems, except for a special case [46] , this gives a general dissipative theory incorporating initial system-environment entanglement. The master equation and the transient current also have the same universal form derived from the Feynman-Vernon influence functional for the case of no initial system-environment entanglement [32] [33] [34] [35] , whereas the initial system-environment entanglement is fully embedded into the correlation Green function v(t, t), as shown in [45, 46] .
2.
Open systems for topological superconductors. Now, we generalize the exact master equation to the open systems containing paring couplings to the environment, such as the superconductor-semiconductor hybrid systems in the study of topological quantum computing. Through a Bogoliubov transformation, the paring terms in the Hamiltonian of the system or the environment can always be switched into the coupling Hamiltonian between the system and the environment. Then the general Hamiltonian can be expressed as
where the last term is the Bogoliubov-de Gennes Hamiltonian matrix describing effectively the pairing processes between the system and environment. Following the same procedure, taking a partial trace over the environmental states from the von Neumann equation, one obtains the same master equation (2) for the reduced density matrix ρ s (t). The only difference is the collective operator A(t) which is now given by
Similarly, if one can carry out explicitly the partial trace over the environmental states for the above operator A(t), the exact master equation involving pairing couplings can also be novelly and straightforwardly obtained. Indeed, using the same procedure, we obtain
where Z = 1 0 0 ∓1 , and K(t, t 0 ) and Λ(t, t 0 ) are given later, see Eq. (13) . Thus, the master equation for topological superconductor open systems with arbitrary pairing couplings has exactly the same form as Eq. (8a) but the collective operator A(t) is modified by Eq. (11) .
Because the topological superconductor open systems involving pairing interactions, the explicit form of the master equation is more complicated. Substituting the solution of Eq. (11) into Eq. (2), we get
The first term is the renormalized Bogoliubovde Gennes Hamiltonian of the system H s (t,
. The second and the third terms describe the dissipation and noise dynamics which are very similar to the cases without including pairings [32] [33] [34] 45 ]. The last term comes from pairingprocess induced dissipation. Explicitly, those time nonlocal dissipation and noise coefficients
are all determined by the retarded and correlation Green functions U(t, t 0 ) and V(t, t) incorporating pairing interactions [44] . Those matrices are Hermitian, so we have E † s (t, t 0 ) = E s (t, t 0 ) and ∆ s (t, t 0 ) = ±∆ s (t, t 0 ), γ † (t, t 0 ) = γ(t, t 0 ) and γ (t, t 0 ) = ∓γ (t, t 0 ), γ † (t, t 0 ) = γ(t, t 0 ) and λ (t, t 0 ) = 2γ (t, t 0 ) ± λ(t, t 0 ). The experimentally measured transport current flowing from the environment into the system is given by
where q es,ij (t) ≡ a † j (t)c † i (t) . From this transient current one can study Majorana quantum transport dynamics that we will discuss latter.
3. Applications. The first application is the topological Haldane model which describes quantum Hall effect in honeycomb lattice without magnetic field [3] and has been experimentally realized with ultracold fermionic atoms [41] , and its Hamiltonian can be written as
where a i (b i ) is the annihilation operator of A (B) site electrons, and J 1 and J 2 are the nearest neighbor and the next-nearest neighbor coupling strengths, respectively, see Fig. 1(a) . The energy difference M between A and B sites breaks inversion symmetry, and the phase φ in the next-nearest neighbor couplings breaks time-reversal symmetry that topologically leads to quantum Hall effect. The non-trivial topological phase is located in the region of |M | < 3 √ 3|J 2 sin φ| (see Fig. 1(b) ), in which the band gap is closed at the edge of lattice. Here we attempt to dynamically probe this topological structure in Haldane model from the open quantum system point of view by coupling an adatom to the honeycomb lattices.
Putting an adatom (H a = 0 c † d c d ) on the edges or bulk of lattices, described by the coupling Hamiltonian H I = V c † d a j + H.c., where j is the coupled site, we can study the dissipative dynamics of the adatom under the influence of the topological structure of the Haldane model. We treat the honeycomb lattice with the Haldane Hamiltonian (15) as the environment of the adatom. Then the solution of the reduced density matrix of the adatom can be determined effectively by the occupation number n a (t) = Tr s [c † d c d ρ s (t)]. By dynamically solving the occupation number of the adatom (initially occupied), we find that its steady-state solution manifests the whole topological structure of the Haldane model, as shown in Fig. 1(c) , as a result of dissipation. In Fig. 1(c) the dark color corresponds to the complete dissipation (zero occupation in the adatom in the steady-state limit but initially it is fully occupied) in the topological phase. Such dissipation is built up only when the lattice energy gap closes, which occurs at the edge of non-trivial topological phase, see the right plot in Fig. 1(c) . This provides indeed a very useful method of probing topological structures for more complicated topological systems through the study of dissipative dynamics of adatoms (impurities).
Another application is the quantized Majorana conductance in superconductor-semiconductor hybrid system that has been very recently observed [15] . The Hamiltonian of the total system is modeled as a tightbinding N -site p-wave superconductor, with its left/right ends of superconductor coupled respectively with the left/right leads. One can solve the large number chain of superconductor with zero chemical potential [40] , in which two Majorana zero modes are localized at the ends of the chain with exponentially decaying wave function along the chain. Focusing only on the zero modes, we have the interaction Hamiltonian of the zero modes coupled with the two leads,
where b 0 is zero mode annihilation operator, and
(1 − δ (N −1)/2 )V α,k . It shows that the tunneling strength V α,k and pairing parameter ∆ α,k only depend on dimensionless parameter δ = (∆ − w)/(∆ + w). And for large N , the tunneling strength is almost equal to the pairing parameter, which makes the superconducting system evolve into a half-filled state.
Applying bias to the leads, one can measure the current through the superconductor. From Eq. (14), we study the transient current and transient differential conductance of superconductor, and find a relation between the spectral density and the conductance in the steady state limit. Especially when two spectral densities J α ( ) are same and symmetric, we have,
where G 0 (µ) = 1/ µ−∆ is the corresponding energy shift, which is anti-symmetric because of the symmetric spectral density. It shows that at zero temperature, the conductance at zero bias is precisely the quantized Majorana conductance, 2e 2 / [47], recently measured in experiment [15] . It has a Lorentzian function shape deformed by the energy shift and the decay rate, and thermal fluctuations broaden and lower down the zero-bias peak by convolution. The buildups of zero-bias peak are shown in Fig. 2 . The transient behavior of current in different bias involves different frequencies, which induces the oscillation of differential conductance. It shows that Majorana conductance is indeed the observation of the dissipation and thermal fluctuations of the Majorana zero mode.
In conclusion, we novelly derive a dissipation theory for noninteracting topological systems, which allows one to investigate the dynamics of topological states incorporating dissipations, noises and thermal effects. By applying the theory to the Haldane model and the quantized Majorana conductance in a superconductorsemiconductor hybrid system, we demonstrate how dissipation and noises make topological structures observed in experiments. On the other hand, dissipation and noises are the sources of decoherence. Therefore, topological states cannot be immune from decoherence.
